Size-Scale Effects of Nonlinear Weir Hydraulics by Young, Nathan L.
Utah State University 
DigitalCommons@USU 
All Graduate Theses and Dissertations Graduate Studies 
5-2018 
Size-Scale Effects of Nonlinear Weir Hydraulics 
Nathan L. Young 
Utah State University 
Follow this and additional works at: https://digitalcommons.usu.edu/etd 
 Part of the Civil and Environmental Engineering Commons 
Recommended Citation 
Young, Nathan L., "Size-Scale Effects of Nonlinear Weir Hydraulics" (2018). All Graduate Theses and 
Dissertations. 6926. 
https://digitalcommons.usu.edu/etd/6926 
This Thesis is brought to you for free and open access by 
the Graduate Studies at DigitalCommons@USU. It has 
been accepted for inclusion in All Graduate Theses and 
Dissertations by an authorized administrator of 




SIZE-SCALE EFFECTS OF NONLINEAR WEIR HYDRAULICS 
by 
Nathan L. Young 
A thesis submitted in partial fulfillment 
of the requirements for the degree 
 
of 
MASTER OF SCIENCE 
in 
Civil and Environmental Engineering 
Approved: 
 
_________________________  _________________________ 
Blake P. Tullis, Ph.D.    Michael C. Johnson, Ph.D., P.E. 
Major Professor    Committee Member 
 
 
_________________________  _________________________ 
Joseph A. Caliendo, Ph.D.   Mark McLellan, Ph.D. 
Committee Member    Vice President for Research 
Dean of the School for Graduate Studies 
 
 















Copyright © Nathan Young 2018 










Nathan L. Young, Master of Science 
 
Utah State University, 2018 
 
 
Major Professor: Dr. Blake P. Tullis 
Department: Civil and Environmental Engineering 
 
 Experimental physical model studies of hydraulic structures are often conducted 
to replicate complex flow patterns or intricate transport situations that may occur at the 
prototype scale. Geometric similitude is most often maintained between the prototype and 
model when studying reservoir and open channel hydraulic structures to account for the 
dominant gravity and inertia forces while other fluid forces (e.g., viscosity and surface 
tension) are assumed negligible. However, as the prototype-to-model length ratio 
increases or the upstream total head decreases, other fluid forces can exceed the 
negligible level and influence model flow behavior. This phenomenon is referred to as 
size-scale effects and represents one potential source of error in predicting the prototype 
behavior through testing geometrically similar models. 
The purpose of this study was to extend the existing research of size-scale effects 
related to nonlinear weirs. Three weir types, namely half- and quarter-round trapezoidal 
labyrinth and piano key, were fabricated at five different length ratios and hydraulically 
tested to assess differences among head-discharge relationships and flow behavior. The 
 iv 
largest model for each weir type (i.e., a weir height of 36 in for labyrinth weir models and 
a weir height of 33 in for piano key weir models) served as the corresponding prototype 
while the smaller scale models featured length ratios of 2, 3, 6, and 12. 
Head-discharge data for dimensionless total head ratios ranging 0.01 to 1.00, 
where possible, were collected for each weir model. Nappe aeration behavior was also 
documented such that qualitative differences in flow behavior among model sizes could 
be made. An uncertainty analysis was conducted to quantify the confidence level of 
calculated discharge coefficients. Uncertainty intervals were used to determine if size-
scale effects or measurement error influenced differences between prototype and model 
discharge coefficients. Limiting criteria were recommended to avoid size-scale effects 
depending on the weir type and length ratio. Comparisons were also made to previous 
studies to determine if recommended limiting criteria (e.g., dimensionless total head 
ratio, measured model head, Weber number) to avoid or limit size-scale effects were 
similar to those of this study.  
 (104 pages) 
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PUBLIC ABSTRACT 
Size-Scale Effects on Nonlinear Weir Hydraulics 
 
Nathan L. Young 
 
 Experimental physical model studies of hydraulic structures are often conducted 
to replicate flow behavior that may occur at the prototype scale. Geometric similitude is 
most often maintained between the prototype and model when studying reservoir and 
open channel hydraulic structures to account for the dominant gravity and inertia forces 
while other fluid forces (e.g., viscosity, surface tension) are assumed negligible. 
However, as model size and/or upstream head decreases, other fluid forces can exceed 
the negligible level and influence model flow behavior. This phenomenon is referred to 
as size-scale effects and is one potential origin of error in predicting the prototype 
behavior through testing geometrically similar models. 
To extend the existing research of size-scale effects on nonlinear weirs half- and 
quarter-round trapezoidal labyrinth weirs and piano key weirs were fabricated at length 
ratios of 1, 2, 3, 6, and 12. The largest weir model for each weir type (i.e., a weir height 
of 36 in for labyrinth weir models and a weir height of 33 in for piano key weir models) 
served as the corresponding prototype. Weir models were hydraulically tested to assess 
differences among head-discharge relationships and flow behavior. 
Limiting criteria were recommended to avoid size-scale effects depending on the 
weir type and model size. The results of this study will help hydraulic modelers 
determine what limiting criteria should be met to avoid size-scale effects.  
 vi 
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INTRODUCTION 
When designing a hydraulic structure, three approaches are generally available: 
analytical calculations, numerical estimations, and experimental physical model studies. 
Often the analytical and numerical approaches require experimental results for validation 
and therefore cannot be applied independently to all situations. Therefore, prototype scale 
hydraulic structures are often tested as scale models to replicate complex flow patterns or 
intricate transport situations that may occur at the prototype scale. 
Geometric similitude is most often maintained for reservoir and open channel 
model studies to account for the dominant gravity and inertia forces while other fluid 
forces (e.g., viscosity, surface tension, elastic) are assumed negligible. However, as the 
ratio of the prototype characteristic length to model characteristic length (i.e., length 
ratio, Lr) increases or the upstream total head decreases, other fluid forces can exceed the 
negligible level and influence model flow behavior. This phenomenon is referred to as 
size-scale effects and is one potential origin of error in predicting the prototype behavior 
through testing geometrically similar models. 
Size-scale effects related to linear weirs have been studied for nearly a century 
and thorough documentation is available. However, size-scale effects on nonlinear weirs 
have received limited attention, especially for more complicated geometries like piano 
key weirs. Therefore, in an effort to extend the existing research on size-scale effects on 
nonlinear weirs, this study focused on the fabrication and hydraulic testing of several 
weir models, namely half- and quarter-round trapezoidal labyrinth weirs and piano key 
(PK) weirs, to assess differences among head-discharge relationships and flow behavior. 
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The largest model for each weir type (i.e., a weir height of 36 in for half- and 
quarter-round labyrinth weir models and a weir height of 33 in for piano key weir 
models) served as the corresponding prototype while the smaller scale models featured Lr 
= 2, 3, 6, and 12. Head-discharge data for dimensionless total head ratios ranging 0.01 to 
1.00, where possible, were collected for each weir model. Nappe behavior was also 
documented such that qualitative differences in flow behavior among model sizes could 
be made. 
This thesis presents a review of literature of size-scale effects related to nonlinear 
weirs, specifically labyrinth and PK weirs. Research objectives and corresponding 
methods to achieve the objectives are then discussed. Results of the research are 
presented, separated into sections for labyrinth and PK weirs, followed by conclusions of 
this study.  
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LITERATURE REVIEW 
Size-scale effects are attributed to the inability to maintain geometric, kinematic, 
and dynamic similitude between the prototype and model scale. To model a perfect 
representation of the prototype, the Froude (gravity to inertia forces), Reynolds (viscous 
to inertia forces), and Weber (surface tension to inertia forces) numbers must be identical 
at the model and prototype scales (Ettema 2000). Equations 1, 2, and 3 present the 
definitions of the Froude, Reynolds, and Weber numbers, respectively. It is impossible to 
maintain similitude when the same fluid (e.g., water) is used in both situations (Pfister et 
















Heller (2011) recommended four methods to quantify size-scale effects, namely 
inspectional analysis, dimensional analysis, calibration, and scale series. Inspectional 
analysis uses physical phenomenon defining equations to define a minimum scale where 
significant size-scale effects are avoided. Dimensional analysis defines criteria for 
dynamic similarity based on dimensionless parameters. Calibration uses prototype data to 
calibrate models. Scale series requires testing of at least three models with kinematic 
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similarity from which limiting criteria can be quantified. Heller also stated that size-scale 
effects must be avoided, compensated, or corrected. 
Much research of size-scale effects on weirs has been completed (Sarginson 1972, 
Ranga Raju and Asawa 1977, Breitschneider 1978, Hager and Schwalt 1994, Johnson 
1996, etc.) with the majority focused on linear weirs. From previous studies, minimum 
heads have been recommended for various weir shapes to avoid size-scale effects. Table 
1 summarizes minimum head recommendations from the reviewed literature. 
Table 1. Minimum head recommendations for various weir types. 
Reference Minimum head (m) Shape Crest radius, R 
Bollrich and Aigner (2000) 0.04-0.06 Cylindrical weir 
 
Breitschneider (1978) 0.02 Standard ogee 
 
Breitschneider (1978) 0.06 Sharp-crested 
 
Curtis (2016) 0.011-0.019 Half-round 0.005-0.038 
Curtis (2016) 0.012-0.017 Quarter-round 0.005-0.038 
Dillmann (1933) 0.05-0.07 Sharp-crested 
 
Erpicum et al. (2016) 0.03 
Piano key weir 
(head-discharge) 
 
Erpicum et al. (2016) 0.06 
Piano key weir 
(nappe behavior) 
 
Ettema (2000) 0.025 Rating curve 
 
Ettema (2000) 0.06 Nappe shape 
 
Hager and Schwalt (1994) 0.05 Broad-crested 
 
Johnson (1996) 0.001-0.028 Flat-top  
Johnson (1996) 0.014 Sharp-crested  
Krischmer (1928) 0.07 Cylindrical weir 0.046 
Leite Ribeiro et al. (2012) 0.05 
Piano key weir 
(nappe trajectory) 
 
Novak et al. (2010) 0.04-0.06 Sharp-edged notch  
Pfister et al. (2012) 0.03 
Piano key weir 
(head-discharge) 
 
Pfister et al. (2013) 0.03 Half-cylindrical 0.005-0.3 
Rehbock (1909) 0.03-0.05 Sharp-crested 
 
Sarginson (1972) 0.05 Sharp-crested 
 





The weir crest length largely governs the relationship of upstream head and weir 
discharge for all weir configurations. Equation 4 presents the relationship of weir 
discharge and weir length where Q is discharge, Cd is the discharge coefficient, Lc is weir 




𝑧] plus velocity head [
𝑉2
2𝑔
], where p is water pressure, γ is specific weight of water, z is 
water level elevation, and V is upstream velocity). In an effort to increase discharge for a 
given head, linear weirs have been folded in plan-view to increase the allowable weir 
length for a given spillway channel width. Figure 1 illustrates a configuration of such a 
folded weir known as a trapezoidal labyrinth weir. Additional features, such as multiple 
crest elevations, nappe breakers, and crest shapes, can be used on labyrinth weirs to 
modify flow behavior. Figure 2 illustrates the two crest shapes specific to this study, 






2  (4) 
Literature specific to size-scale effects on labyrinth weirs was limited. Falvey 
(2002) studied the hydraulic design of labyrinth weirs with consideration of crest shape, 
crest length, and upstream water depth when determining the discharge capacity of a 
labyrinth weir. Falvey determined that the model weir height should not be less than 100 
mm otherwise the model data will be susceptible to significant errors related to size-scale 
effects for H/P < 0.3. Therefore, Falvey recommended using a minimum weir height of 
200 mm to obtain accurate results for smaller heads. 
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Figure 1. Trapezoidal labyrinth weir geometry. 
 
Figure 2. Half- and quarter-round crest shapes. 
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Quarter-Round Crests 
Crookston (2010) studied numerous labyrinth weir models to improve labyrinth 
weir design and analysis techniques. Per his dimensionless head-discharge curves (i.e., 
HT/P vs. Cd), Crookston presented Equation 5 as a curve fit with corresponding 
coefficients in Table 2 to calculate Cd for QR crest shapes as a function of α. Crookston 
stated that his curve fit was valid for 0.05 < HT/P < 0.9 but could be used to estimate Cd 
up to HT/P = 2.0. Crookston stated that for low heads (i.e., HT/P < 0.05) further 
investigation would be needed to quantify size-scale effects. 








+ 𝐷 (5) 
Curtis (2016) studied geometrically similar linear weir head-discharge 
relationships for various crest shapes at four different length ratios to evaluate related 
size-scale effects. For QR crest shapes, Curtis observed a change in slope, steeper to 
shallower, in his dimensionless head-discharge curve (Figure 3). Curtis stated that this 
change in slope corresponded to the point at which surface tension forces were overcome. 
Table 2. Curve-fit coefficients for quarter-round labyrinth weirs (Crookston 2010). 
α A B C D 
6° 0.02623 -2.681 0.3669 0.1572 
8° 0.03612 -2.576 0.4104 0.1936 
10° 0.06151 -2.113 0.4210 0.2030 
12° 0.09303 -1.711 0.4278 0.2047 
15° 0.10890 -1.723 0.5042 0.2257 
20° 0.11130 -1.889 0.5982 0.2719 
35° 0.03571 -3.760 0.7996 0.4759 
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Curtis also observed that the HT/P range over which size-scale effects were 
present for QR linear weirs was larger than that exhibited by the flat-top weirs of similar 
size. Consequently, larger HT/P values were required to avoid size-scale effects for QR 
crest shapes. Curtis gave limiting head recommendations for QR crest shapes as 
presented in Table 3. It should be noted that Curtis’s limiting head recommendations are 
dependent on the weir height. 
 
Figure 3. Curtis (2016) QR head-discharge curve. 













24 - - - - 
12 34 17 34 17 
6 38 9.5 49 12.4 
3 95 11.9 95 11.8 
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Half-Round Crests 
Crookston (2010) also studied HR crest shapes on labyrinth weirs. Again, per his 
dimensionless head-discharge curves, Crookston presented Equation 5 as a curve fit with 
corresponding coefficients in Table 4 to calculate Cd for HR crest shapes as a function of 
α. This curve was also validated for 0.05 < HT/P < 0.9 but could be used to estimate Cd 
values for HT/P up to 2.0. Crookston observed that HR and QR crests had different Cd 
values for corresponding HT/P values. Crookston stated that size-scale effects might have 
caused this difference and suggested describing this difference by the radius of curvature 
(HT/Rcrest). 
Castro-Orgaz and Hager (2014) studied size-scale effects on linear round-crested 
(i.e., HR) weir flow. Castro-Orgaz and Hager developed Equation 6 to estimate Cd that 
accounted for surface tension and viscosity effects by using detailed two-dimensional and 
integral laminar boundary layer solutions. In Equation 6, E is upstream energy, R is crest 
radius, ν is kinematic viscosity, σ is surface tension, and γ is specific weight. Castro-
Orgaz and Hager’s equation successfully predicted the discharge of circular weirs of 
small crest radii with a minimum radius of R = 0.01 m. Castro-Orgaz and Hager also 
Table 4. Curve-fit coefficients for half-round labyrinth weirs (Crookston 2010). 
α A B C D 
6° 0.009447 -4.039 0.3955 0.1870 
8° 0.017090 -3.497 0.4048 0.2286 
10° 0.029900 -2.978 0.4107 0.2520 
12° 0.030390 -3.102 0.4393 0.2912 
15° 0.031600 -3.270 0.4849 0.3349 
20° 0.033610 -3.500 0.5536 0.3923 
35° 0.018550 -4.904 0.6697 0.5062 
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stated that for 0.01 m < R < 0.30 m a minimum overflow head of 0.04 m should be used 



































Curtis (2016) also studied size-scale effects on HR crest shapes. He recommended 
not using models with P ≤ 3 in and recommended minimum heads for HR crest shapes as 
presented in Table 5. Again, Curtis’s limiting head recommendations are scale dependent. 
Furthermore, Curtis suggested that discharge coefficients for the low head region (HT/P ≤ 
0.2) should be published with uncertainty levels to avoid misapplication of the results. 
Piano Key Weirs 
In 2003, Lempérière and Ouamane modified the labyrinth weir design such that 
the layout of the walls had a rectangular shape similar to piano keys and the walls 
perpendicular to flow included ramped floors and overhangs. The two main PK weir 
configurations developed have been identified as Type-A and Type-B (Schleiss 2011). 
Type-A includes apexes that overhang on both upstream and downstream sides while 
Type-B only has apexes that overhang on the upstream side. Figure 4 illustrates these two 
configurations. Additional features, such as parapet walls, fillets, and crest shapes, can be 
used on PK weirs to modify flow behavior. 













24 - - - - 
12 31 15.5 31 15.6 
6 45 11.3 45 11.3 
3 150 18.75 82 10.3 
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Figure 4. Type-A (A) and Type-B (B) PK weir geometry. 
It should be understood that B for a PK weir does not represent the weir apron 
length as B does for a labyrinth weir. Rather, Bb is the correct parameter to use when 
determining the apron length of a PK weir. 
Cicero et al. (2011) studied size-scale effects on models of the Malarce dam 
(France) with the addition of a Type-B PK weir. Two models, 1:30 and 1:60 scale, were 
compared using dimensionless head-discharge curves to evaluate the side and size-scale 
effects on the PK weir for a range of heads. For very low heads (H/P < 0.1), the discharge 
coefficients had high uncertainties that were attributed to size-scale effects, specifically 
surface tension effects. Cicero et al. used the Weber number to characterize surface 
tension effects and reported that both models had similar results if the Weber numbers 
were greater than 30, or if the head on the models was greater than 1.5 cm. 
Machiels (2012) studied a Type-A PK weir model to enhance the understanding 
of the physics of flows on a PK weir. Machiels compared his dimensionless head-
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discharge curve to Ouamane and Lempérière’s (2003) results from which Machiels 
identified a decrease in his discharge coefficients for low heads (H/P < 0.15). Machiels 
explained that this was caused by the difference in crest thicknesses; Ouamane and 
Lempérière’s model used thin steel plates while Machiels’ model used 2 cm thick PVC 
sheeting. Therefore, the smaller radii of curvature of the thin steel plates were more 
susceptible to surface tension effects that increased the discharge coefficient. 
Machiels (2012) also observed transitions of nappe behavior for low heads on 
different parts of the PK weir crest. For H/P = 0.05 the nappe remained clinging on the 
lateral crests then transitioned to a free nappe for the most downstream 3/4 of the crest 
length for H/P between 0.09 and 0.10. The same behavior was observed for the 
downstream crest with a transition from clinging to free nappe behavior for H/P between 
0.11 and 0.12. The upstream crest flow remained clinging for low headwater ratios and 
fully aerated at H/P between 0.16 and 0.17. Furthermore, Machiels stated that for H/P < 
0.06 the Weber number was lower than 50 and surface tension effects may have been 
significant. 
Pfister et al. (2013) studied scale effects of cylindrically crested linear weirs via 
numerical simulations and analytical calculations that could be applied to small relative 
heads on PK weirs. Pfister et al. stated that their results were applicable to PK weirs at 
these conditions because the hydraulic effect of the edges and corners of the keys 
remained small. Therefore, the PK weir behaved as a linear weir for small relative heads. 
Pfister et al. (2013) identified two size-scale effects: onset of over-flow due to surface 
tension; and flow affected by surface tension and viscosity. Using this information, 
Pfister et al. stated that physical models underestimate the discharge coefficient for a 
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given head under the following criteria: (limitation 1) onset of flow begins for an absolute 
head of 0.004-0.005 m and (limitation 2) surface tension and viscosity affect the weir 
flow up to potential flow conditions. Therefore, Pfister et al. recommended excluding 
data in determining the head-discharge relationship that could have been subjected to 
size-scale effects. 
Given this reviewed literature, the objectives of this research were as follows: 
 Fabricate half- and quarter-round labyrinth weir models based on the design 
of Crookston (2010) and piano key weir models based on the design of 
Anderson (2011), each at length ratios of 1, 2, 3, 6, and 12. 
 Collect head-discharge data and document nappe flow behavior for 
dimensionless total heads from 0.01 to 1.00, where possible. 
 Assess differences in head-discharge relationships related to size-scale effects. 
 Recommend limiting criteria to avoid size-scale effects.  
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EXPERIMENTAL FACILITIES 
 Research was conducted at the Utah Water Research Laboratory (UWRL), 
at Utah State University in Logan, Utah where weir models were tested in a 3-ft x 24-ft 
flume, a 4-ft x 48-ft flume, or an 8-ft x 65-ft flume, as depicted in Figure 5, depending on 
the size of the weir model. Moveable guide walls were used to adjust the approach width 
to match the weir width as necessary (Figure 6). Flow was supplied to the 3-ft and 4-ft 
flumes via a constant head reservoir (i.e., First Dam Reservoir, Logan, Utah) while flow 
to the 8-ft flume was supplied by a recirculating pumping system. The supply lines and 
corresponding flow measurement devices used in each flume are presented in Table 6.  
    
Figure 5. 3-ft flume (A), 4-ft flume (B), and 8-ft flume (C). 
         
Figure 6. Moveable guide walls. 
A C B 
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 Each flume included a rolling carriage with a precision point gauge (readable to 
±0.0005-ft) (Figure 7) used to measure the weir crest elevation and upstream water 
elevation. A stilling well hydraulically connected to the corresponding test flume was 
used to measure the upstream piezometric head with an installed point gauge (Figure 8). 
Stilling wells were used to minimize the effects of wave action on head measurements. 
For each flume, the stilling well tap was located at least 4.7P upstream of the weir to 
prevent drawdown effects and the approach length was at least 9P to achieve uniform 
flow (Figure 9). 
Table 6. Flume supply lines and flow measurement devices. 
Flume Supply Line Flow Measurement Device Flow Range (gpm) 
3-ft 
1 in Magnetic flowmeter 0-40 
4 in Orifice Plate 40-6000 
6 in Magnetic flowmeter 25-2500 
12 in Orifice Plate 500-3600 
4-ft 
1 in Magnetic flowmeter 0-40 
6 in Magnetic flowmeter 25-2500 
8 in Orifice Plate 460-1900 
20 in Orifice Plate 1900-10000 
8-ft 
12 in Magnetic flowmeter 100-8000 
36 in Magnetic flowmeter 1200-44800 
  
          
Figure 7. Precision point gauge. 
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Figure 8. Stilling well with installed point gauge. 
 
Figure 9. Minimum stilling well location and approach length. 
w
Stilling well ≥ 4.7P
Approach length ≥ 9P
Q
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 All flumes featured baffle walls to dissipate turbulence as flow entered the flume. 
For the 8-ft flume, 3 successive baffle walls were installed with the first being a 4 in thick 
wall of large aggregate and the next two walls being textile fabric (Figure 10). The 3-ft 
and 4-ft flumes featured metal grating as baffle walls with the addition of floating wave 
suppressors installed near the head boxes to reduce wave action from propagating 
downstream (Figure 11). 
 
Figure 10. 8-ft flume baffle walls. 
 
Figure 11. 4-ft baffle wall and wave suppressor. 
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Weir model geometries were fabricated using the design of Crookston (2010) for 
trapezoidal labyrinth weirs and Anderson (2011) for piano key (PK) weirs. Labyrinth 
weir models featured two crest shapes: half- (HR) and quarter-round (QR). Five model 
scales featuring length ratios, Lr, of 1, 2, 3, 6, and 12 were fabricated for each weir type 
resulting in fifteen models total. The length ratio, Lr, is defined in Equation 7 where L is 





The salient dimensions for each weir model, the fabrication materials and 
corresponding test flume are listed in Table 7 for labyrinth weirs and Table 8 for PK 
weirs. All labyrinth weir models featured  = 15 and N = 1 and all PK weir models 
featured Wi/Wo = 1.25 and N = 2. 
Table 7. Labyrinth weir models tested. 
Lr P W Lc B Ts Crest Shapes Material Flume 
() (in) (in) (in) (in) (in) () () () 
1 36 96.00 313.60 146.05 4.5 HR and QR Steel 8-ft 
2 18 48.18 159.35 73.03 2.25 HR and QR Acrylic 8-ft 
3 12 32.12 104.54 48.68 1.5 HR and QR Acrylic 4-ft 
6 6 16.06 52.25 24.34 0.75 HR and QR Acrylic 3-ft 
12 3 8.03 26.13 12.17 0.375 HR and QR Acrylic 3-ft 
 
Table 8. PK weir models tested. 
Lr P W Lc B Ts Material Flume 
() (in) (in) (in) (in) (in) () () 
1 32.96 78.06 396.58 81.75 2.12 Acrylic 8-ft 
2 16.48 39.03 198.29 40.88 1.06 Acrylic 8-ft 
3 10.99 26.02 132.19 27.25 0.71 Acrylic 4-ft 
6 5.49 13.01 66.10 13.63 0.35 Acrylic 3-ft 




Weir models were installed in the appropriate flume and the weir crest elevations 
were surveyed at 6 to 20 different locations, depending on the weir size, to insure 
levelness of 1/64 in along the crest length. Weir models were also squared with the 
flume walls such that the orientation of the weir centerline to the approach flow, , was 
equal to 90. All labyrinth weirs were tested in the inverse orientation as illustrated in 
Figure 9. All PK weirs were tested such that the inlet key width to outlet key width, 
Wi/Wo, was equal to 1.25. 
A watertight sealant was used to minimize leaking around and under the weir 
models. Flow lost to the small leaks in the flume was quantified by filling the upstream 
section of the flume with water to the weir crest elevation, reducing the inflow to zero, 
and measuring the volumetric change in water over a minimum of 30 minutes. This long 
period of time was chosen to minimize potential error from time and water elevation 
measurements. The leak rate was then calculated and subtracted from the measured flow 
rate entering the flume.  
Supply lines were opened to allow a flow velocity of at least 3 ft/s to void the 
supply line of air thereby ensuring flow measurement would remain within acceptable 
uncertainties (±0.25%). Flow was also allowed to cool the flume and installed weir model 
for at least 30 minutes before measuring crest references or collecting data to minimize 
thermal contraction and expansion effects. 
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Measurement of Head and Discharge 
Total head, HT, was calculated by measuring piezometric head, h, via the stilling 
well and adding the velocity head, 
𝑉2
2𝑔
 corresponding to that flume cross section. A 
pressure transmitter was initially used to measure piezometric head in the 8-ft flume for 
redundancy, but the pressure transmitter data were inconsistent. Therefore, all 
piezometric head measurements were limited to those measured with a point gauge. 
A weir crest reference in relation to the stilling well was required since 
piezometric head measurements were taken by measuring the water elevation in the 
stilling well. The weir crest reference was established as follows: first, the flume was 
filled with water to a depth just below the weir crest (~1 in); second, the flume water 
elevation was measured adjacent to the crest with the rolling carriage point gauge; third, 
the weir crest elevation was measured with the rolling carriage point gauge; fourth, the 
stilling well water elevation was measured with the dedicated stilling well point gauge; 
last, the weir crest reference was calculated by subtracting the roller carriage water 
surface level from the crest level and adding that difference to the water level 
measurement in the stilling well. Figure 12 illustrates an example of the test flume and 
stilling well conditions when establishing a weir crest reference. The process of 
establishing the weir crest reference was completed each day of testing to verify 
repeatability. 
For instances when leaks were more significant, the same procedure was followed 
with the exception that the crest reference measurements were made with a small 
discharge established in the flume. In this case, the difference in the roller carriage crest 
and water surface measurements were subtracted from the stilling well water level. 
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Additionally, at these low flow rates the flume water elevation was measured at an 
appropriate distance upstream of the weir to prevent drawdown effects. 
Flow measurements featuring orifice plates were measured with calibrated 
pressure transmitters and digital multi-meters (DMM) (Figure 13) while magnetic 
flowmeters only required the use of a DMM (Figure 13). The DMM reading was then 
recorded and input into a spreadsheet program to calculate the flow rate. The code used in 
the spreadsheet to calculate the flow rate given the DMM reading and water properties is 
presented in Appendix B. VB CODE. 
 
Figure 12. Weir crest reference schematic. 
  
Figure 13. Orifice plate with pressure transmitter and DMM. 
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Figure 14. Magnetic flowmeter with DMM. 
Prior to measuring, flow conditions were allowed several minutes to stabilize. 
Flow rates were measured by averaging the DMM readings for a minimum of 5 minutes. 
This process was repeated until the discharge measurement repeatability was achieved. 
After the flow rate stabilized, piezometric head was measured multiple times to verify 
repeatability. If piezometric head measurements or flow rates varied over time then 
additional time was allowed until measurements became repeatable. 
Head-discharge data was collected for 0.01  HT/P  1.00 for each weir model, 
where possible. The greatest number of data points for each weir model were collected 
for the low-head range (i.e., HT/P  0.20) to better establish the rating curve where size-
scale effects were expected to exist. Also, this range was of special interest because it 
contained the greatest change in Cd as a function of HT/P for all weir models. The largest 
model, Lr = 1, for each weir type (i.e., HR labyrinth, QR labyrinth, PK) acted as the 
respective prototype to which all geometrically similar weir model data was compared. 
Non-Vented and Vented Nappe Behavior 
Nappe behavior was classified depending on the weir type. For labyrinth weir 
models, four nappe regimes were observed: clinging, aerated, partially aerated, and 
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drowned. Clinging refers to flow adhering to the downstream wall of the weir. Aerated 
refers a detached nappe with a corresponding air cavity between the nappe and the weir 
wall. Partially aerated refers to a non-uniform and unstable air cavity. Lastly, drowned 
refers to a thick nappe without an air cavity (Crookston and Tullis 2013). It should be 
understood that drowned is not synonymous with submerged, which refers to the 
tailwater elevation being greater than the weir crest. 
For PK weir models, five nappe regimes were observed: clinging, partially 
clinging, aerated, partially aerated, and drowned. Clinging, aerated, partially aerated, and 
drowned all refer to the definitions listed for labyrinth weir models. Partially clinging 
refers to the stable nappe condition where water clings to the downstream sloped wall yet 
detaches from the vertical side walls near the sharp corners. Figure 15 illustrates an 
example of partially clinging nappe behavior. 
 
Figure 15. Partially clinging nappe. 
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Non-vented nappe behavior was analyzed by beginning with low flow rates that 
were incrementally increased such that the nappe could self-aerate. Vented nappe 
behavior was accomplished by installing vent pipes on the downstream side of the weir 
models. Elbows were used in the vent pipes to prevent the upright section from 
intersecting the critical location of water flowing over the weir crest (Figure 16). Venting 
the nappe allowed for negative pressures under the nappe to be brought to atmospheric 
conditions and facilitated comparisons of the influence of non-vented and vented 
conditions on flow behavior. 
 
Figure 16. Vent pipes. 
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RESULTS AND DISCUSSION 
Labyrinth Weirs 
An average of 51 head-discharge data points were collected for each labyrinth 
weir model with the majority falling in the low-head range (i.e., HT/P  0.20). Because of 
limitations associated with stilling the approach flow in the 8-ft flume at higher 
discharges (Q > ~85 cfs), data for the largest labyrinth weir model, Lr = 1, were limited to 
HT/P ≤ ~0.35.  
Uncertainty 
An uncertainty analysis using the methods presented in ASME PTC 19.1 (ASME 
2006) was conducted to quantify the confidence level of Cd results. The weir equation 
(Equation 4) was solved for Cd as presented in Equation 8 where variables with 
uncertainty were Q, Lc, and HT. Total upstream head, HT, was further expanded into its 






, components as presented in Equation 
9. This expanded total upstream head was then substituted into Equation 8 which resulted 






























Random standard uncertainty and systematic standard uncertainty were 
established for each variable as presented in Table 9. Partial derivatives of Cd with 
respect to each variable (i.e., 
𝜕𝐶𝑑
𝜕𝑋𝑖
 where Xi represents each variable with uncertainty), 
were determined and used to calculate sensitivity coefficients (i.e., 𝜃𝑋𝑖). Appendix C 
includes the sensitivity coefficient equations. 
Absolute random standard uncertainty (i.e., 𝑏𝐶𝑑) and absolute systematic standard 
uncertainty (i.e., 𝑠𝐶𝑑) were then calculated and used to determine the combined standard 
uncertainty of Cd (i.e., 𝑢𝐶𝑑). Lastly, the combined standard uncertainty was multiplied by 
a Student’s T Value of 2 which resulted in the expanded uncertainty (i.e., 𝑈𝐶𝑑,95). This 
expanded uncertainty represented the range of Cd in which the true value was expected to 
lie with a 95% confidence level. 
The expanded uncertainty for each labyrinth weir model length ratio, including 
both HR and QR crest shapes, was averaged for HT/P intervals of 0.05 and plotted against 
the corresponding dimensionless head-discharge curve. Figures 17, 18, 19, 20, and 21 
present the average expanded uncertainty for labyrinth weir models for Lr = 1, 2, 3, 6, and 
Table 9. Random and systematic standard uncertainties. 
Symbol Description Units 
Random Standard 
Uncertainty, 𝑠𝑋𝑖  
Systematic Standard 
Uncertainty, 𝑏𝑋𝑖  
Q Volumetric flow rate ft3/s 0.25% 0 
Lc Weir crest length ft 0 0.0013 
h Piezometric head ft 0.00008 0.0005 
W Weir width ft 0 0.0005 
P Weir height ft 0 0.0005 
platform Platform height ft 0 0.0005 
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12, respectively. Both crest shapes were included when averaging the expanded 
uncertainty for a common HT/P interval because differences between HR and QR 
uncertainties were negligible for a given HT/P. 
For all labyrinth weir models tested, the greatest expanded uncertainty occurred 
for HT/P < 0.05. As the relative total upstream head increased, the expanded uncertainty 
decreased and was assumed to converge to a unique value for HT/P > 1.00 for each Lr. 
Additionally, the average expanded uncertainty for a common HT/P interval increased as 
Lr increased (i.e., increased with decreasing model size). This is summarized in Table 10 
where for each HT/P interval the Lr = 1 labyrinth weir model had the least average 
expanded uncertainty which increased as Lr increased. This resulted in the Lr = 12 
labyrinth weir model having the greatest average expanded uncertainty for each HT/P 
interval. 
 
Figure 17. Lr = 1 labyrinth weir models uncertainties. 
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Figure 18. Lr = 2 labyrinth weir models uncertainties. 
 
Figure 19. Lr = 3 labyrinth weir models uncertainties. 
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Figure 20. Lr = 6 labyrinth weir models uncertainties. 
 
Figure 21. Lr = 12 labyrinth weir model uncertainties. 
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For all labyrinth weir models tested, the greatest expanded uncertainty occurred 
for HT/P < 0.05. As the relative total upstream head increased, the expanded uncertainty 
decreased and was assumed to converge to a unique value for HT/P > 1.00 for each Lr. 
Additionally, the average expanded uncertainty for a common HT/P interval increased as 
Lr increased (i.e., increased with decreasing model size). This is summarized in Table 10 
where for each HT/P interval the Lr = 1 labyrinth weir model had the least average 
expanded uncertainty which increased as Lr increased. This resulted in the Lr = 12 
labyrinth weir model having the greatest average expanded uncertainty for each HT/P 
interval. 
Head-Discharge Relationships 
Head-discharge relationships of labyrinth weir models were compared among 
those of the same crest shape using Cd data and Froude scaling. Additionally, 
comparisons of head-discharge relationships were limited to the non-vented data. This 
was chosen because a greater number of non-vented data points were taken for each 
labyrinth weir model compared to the limited number of vented data points. Also, percent 
Table 10. Labyrinth weir models average expanded uncertainties. 
 
Average Expanded Uncertainty 
HT/P Interval Lr = 1 Lr = 2 Lr = 3 Lr = 6 Lr = 12 
0.00-0.05 2.48% 3.75% 8.00% 9.15% 14.47% 
0.05-0.10 0.86% 1.57% 2.39% 4.35% 8.67% 
0.10-0.15 0.62% 1.00% 1.34% 2.44% 4.89% 
0.15-0.20 0.52% 0.77% 1.02% 1.85% 3.77% 
0.20-0.25 0.47% 0.65% 0.83% 1.43% 2.93% 
0.25-0.30 0.44% 0.54% 0.69% 1.18% 2.24% 
0.30-0.35 0.41% - 0.58% 0.98% 1.91% 
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differences between non-vented and vented Cd data for the same labyrinth weir model 
were small (< 2.5%). Percent differences were calculated using Equation 11 and plotted 
against HT/P as presented in Figures 22 and 23 for HR and QR labyrinth weir models, 
respectively. 
𝑃𝑒𝑟𝑐𝑒𝑛𝑡 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑜𝑓 𝑁𝑜𝑛 − 𝑉𝑒𝑛𝑡𝑒𝑑 𝑎𝑛𝑑 𝑉𝑒𝑛𝑡𝑒𝑑 𝐶𝑑 =
𝐶𝑑,𝑣𝑒𝑛𝑡𝑒𝑑−𝐶𝑑,𝑛𝑜𝑛−𝑣𝑒𝑛𝑡𝑒𝑑
𝐶𝑑,𝑛𝑜𝑛−𝑣𝑒𝑛𝑡𝑒𝑑
× 100% (11) 
 
Figure 22. HR labyrinth weir models non-vented and vented Cd percent differences. 
 
Figure 23. QR labyrinth weir models non-vented and vented Cd percent differences. 
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Figure 24 presents the dimensionless head-discharge curve for HR labyrinth weir 
models. Differences between the Lr = 1 Cd data and Cd data of the smaller HR labyrinth 
weir models began to develop for HT/P < ~0.30. Above this limit, the dimensionless 
head-discharge curves for all HR labyrinth weir models essentially converged. Figure 25 
presents the dimensionless head-discharge curve where differences among Cd data 
occurred. 
The specific HT/P value at which size-scale effects began to develop varied with 
Lr. Here, the presence of size-scale effects was associated with the systematic departure 
of the experimental Cd data trends from the Lr = 1 data. Table 11 summarizes the various 
limiting HT/P values along with the corresponding measured weir model head and 
equivalent prototype head for HR labyrinth weir models. These HT/P values were 
determined for Lr = 2, 3, 6, and 12 to be when the uncertainty bounds of their respective 
Cd data consistently intersected the uncertainty bounds of the Lr = 1 Cd data. 
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Figure 24. HR labyrinth weir models dimensionless head-discharge curve. 
 
Figure 25. HR labyrinth weir models limited dimensionless head-discharge curve. 
Table 11. HR labyrinth weir model limiting heads. 
Lr Limiting HT/P Measured Model Head Equivalent Prototype Head 
() () (mm) (mm) 
2 None - - 
3 0.08 24 73 
6 0.22 34 201 
12 0.28 21 256 
The Lr = 2 HR labyrinth weir model did not have a limiting HT/P value for the 
measured HT/P range (i.e., the Lr =1 and Lr=2 Cd data matched over the full range within 
the limits of uncertainty). However, for the other Lr’s, the limiting HT/P value increased 
as Lr increased. This relationship also applied to the equivalent prototype head. 




Figure 26. HR labyrinth weir models Cd percent differences. 
Percent differences of HR labyrinth weir model Cd data that were attributed to 
size-scale effects were calculated using Equation 12 and plotted against HT/P as 
presented in Figure 26. For Lr = 3, Cd was under predicted for HT/P < 0.08 up to 13%. 
For Lr = 6, Cd was under predicted for HT/P < 0.13 up to 70% and over predicted for 0.13 
< HT/P < 0.22 up to 3%. Lastly, for Lr = 12, Cd was under predicted for HT/P < 0.16 up to 
70% and over predicted for 0.16 < HT/P < 0.28 up to 4%. 
𝑃𝑒𝑟𝑐𝑒𝑛𝑡 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑐𝑒 𝑜𝑓 𝐶𝑑 =
𝐶𝑑,𝑚−𝐶𝑑,𝑝
𝐶𝑑,𝑝
× 100% (12) 
Similar to the HR labyrinth weir models, differences between the Lr = 1 QR 
labyrinth weir model Cd data and other QR labyrinth weir model Cd data were influenced 
by size-scale effects. Figure 27 presents the dimensionless head-discharge curve for QR 
labyrinth weir models. Differences between the Lr = 1 Cd data and other QR labyrinth 
weir model Cd data occurred for HT/P < ~0.35. Beyond this range, the dimensionless 
head-discharge curves for all QR labyrinth weir models essentially converged. Figure 28 
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presents the dimensionless head-discharge curve where differences among Cd data 
occurred. 
 
Figure 27. QR labyrinth weir models dimensionless head-discharge curve. 
 
Figure 28. QR labyrinth weir models limited dimensionless head-discharge curve. 
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Size-scale effects that influenced differences among the Lr = 1 Cd data and other 
QR labyrinth weir model Cd data ceased at varying HT/P values depending on the Lr. 
Table 12 summarizes the various limiting HT/P values along with the corresponding 
measured weir model head and equivalent prototype head for QR labyrinth weir models. 
These HT/P values were determined using the same method described for the HR 
labyrinth weir models. 
Similar to the HR labyrinth weir models, the Lr = 2 QR labyrinth weir model did 
not have a limiting HT/P value for the measured HT/P range while for the other Lr’s, the 
limiting HT/P value increased as Lr increased. Again, this relationship also applied to the 
equivalent prototype head. Unlike the HR labyrinth limiting measured model heads, the 
QR labyrinth weir models appeared to share a common measured model head of 
approximately 8 mm to avoid difference in Cd influenced by size-scale effects. 
Percent differences of QR labyrinth weir model Cd data attributed to size-scale 
effects were plotted against HT/P as presented in Figure 29. Cd data for the Lr = 1 QR 
labyrinth weir model was not over predicted by any of the other Lr’s. The under 
prediction of the Lr = 1 Cd data was as follows: Lr = 3 Cd data under predicted for HT/P < 
0.03 up to 62%, Lr = 6 Cd data under predicted for HT/P < 0.06 up to 65%, and Lr = 12 Cd 
data under predicted for HT/P < 0.11 up to 87%. 
Table 12. QR labyrinth weir model limiting heads. 
Lr Limiting HT/P Measured Model Head Scaled Prototype Head 
() () (mm) (mm) 
2 None - - 
3 0.03 8 23 
6 0.06 9 55 
12 0.11 8 101 
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Figure 29. QR labyrinth weir models Cd percent differences. 
Referring to Figures 25 and 28, it appeared that some Lr = 2, 3, 6, or 12 HR and 
QR labyrinth weir model Cd data beyond their limiting HT/P values differed significantly 
from the corresponding crest shape Lr = 1 Cd data. For these instances, it cannot be 
confidently stated that such differences in Cd data were caused by size-scale effects since 
the respective uncertainty bounds consistently intersected those of the corresponding 
crest shape Lr = 1 uncertainty bounds. Therefore, the true Cd value may have been shared 
between the Lr = 1 labyrinth weir model and Lr = 2, 3, 6, or 12 labyrinth weir model of 
the same crest shape. 
If a hydraulic modeler can allow for some error in predicting the prototype head-
discharge relationship then a more simplified evaluation of limiting heads can be used. 
This is accomplished by calculating the error bounds of the Lr = 1 Cd data with a given 
allowable percent error then locating the HT/P value where the Cd data of a smaller model 
consistently intersects said error bounds. This process has been completed for 2%, 5%, 
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and 10% allowable errors with the limiting heads summarized in Tables 13 and 14 for 
HR and QR labyrinth weir models, respectively. No limiting heads occurred for Lr = 2 
labyrinth weir models using this method. 
Head-discharge curves in terms of total head (HT) and flow rate (Q) were 
established using the dimensionless data (i.e., HT/P and Cd) presented with all curves 
scaled to the prototype scale. The head-discharge curves for HR and QR labyrinth weir 
models are presented in Figures 30 and 31, respectively. The greatest error in predicting 
the prototype head-discharge relationship occurred for Lr = 12 at total heads less than 
~0.25-ft for both crest shapes. 




















































































Figure 30. HR labyrinth weir models head-discharge curve. 
 
Figure 31. QR labyrinth weir models head-discharge curve. 
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Head-discharge relationships were also scaled to correspond with the Lr = 1 data 
using the Froude relationships defined in Equations 13 and 14 for head and flow, 
respectively. Note that the r, p, and m subscripts denote ratio, prototype, and model, 
respectively. Figures 32 and 33 present the dimensional head-discharge curves 
established using Froude scaling for HR and QR labyrinth weir models, respectively. 
𝐻𝑇,𝑝 = 𝐿𝑟 ∙ 𝐻𝑇,𝑚 (13) 
𝑄𝑝 = 𝐿𝑟
5
2⁄ ∙ 𝑄𝑚 (14) 
Differences between the results of Froude scaling and the results of using HT/P 
and Cd data to scale to the Lr = 1 labyrinth weir model were negligible. Therefore, either 
method of scaling a head-discharge relationship, dimensional or dimensionless, were 
appropriate and are included for comparison purposes. 
 
Figure 32. HR labyrinth weir models head-discharge curve (Froude scaling). 
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Figure 33. QR labyrinth weir models head-discharge curve (Froude scaling). 
Nappe Behavior 
As stated, the effect on Cd with respect to venting the nappe was small. However, 
venting the nappe did influence the nappe flow regime. Figures 34 and 35 present that for 
a similar HT/P value the nappe behavior was dependent on Lr for HR and QR labyrinth 
weir models, respectively. Table 15 summarizes the nappe flow regime HT/P ranges for 
non-vented conditions while Table 16 summarizes the HT/P value at which the nappe 
detached from the weir crest under vented conditions. 
Referring to Table 15, the HT/P value at which the nappe detached from the weir 
crest (i.e., transition of the nappe flow regime from clinging to aerated or partially 
aerated) increased as Lr increased. Subsequent nappe regimes also were at higher HT/P 
values as Lr increased. However, this was not the case for the Lr = 2 HR labyrinth weir 
model due to the weir apron platform used in the 8-ft flume. This platform was not 
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continuous downstream of the labyrinth weir model and effectively acted as a vent for 
one half of the model when the nappe trajectory was beyond the platform (Figure 36). 
Therefore, the non-vented nappe regime HT/P ranges for the Lr = 2 HR labyrinth weir 
model listed in Table 15 are likely incorrect for partially aerated and drowned regimes. 
Also referring to Table 15, QR crest shapes shared the relationship of an 
increasing HT/P value at which the nappe detached from the weir crest as Lr increased. 
The aerated nappe regime for most QR labyrinth weir models then transitioned to 
partially aerated near HT/P = 0.25 with the exception of the Lr = 12 QR labyrinth weir 
model that transitioned directly from clinging to partially aerated. Lastly, all QR labyrinth 
weir models had a drowned nappe for HT/P > 0.60. 
Similar to non-vented conditions for labyrinth weir models, the HT/P value at 
which the nappe detached from the weir crest under vented conditions also increased as 
Lr increased as summarized in Table 16. Interestingly the Lr = 2 labyrinth weir models 
had unexpected results. For the HR crest shape, aeration of the nappe could not be 
achieved via venting below HT/P = 0.10. For the QR crest shape, aeration of the nappe 
began at the lowest flow rate available which corresponded to HT/P = 0.02. 
For both non-vented and vented conditions the relationship of greater required 
HT/P values as Lr increased to onset nappe aeration was based on a more dominant role of 
surface tension for smaller weir heights. Therefore, a greater relative upstream energy 
and corresponding relative momentum were required to transition the nappe regime from 
clinging to aerated or partially aerated. Additionally, it was observed that QR crest shapes 
had lower HT/P values at which the nappe would transition from one regime to another 
compared to HR crest shapes. This was influenced by HR crest shapes lacking a 
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definitive flow separation point (e.g., sharp downstream corner) as compared to QR crest 
shapes. 
 
Figure 34. HR labyrinth weir models nappe comparison. 
 
Figure 35. QR labyrinth weir models nappe comparison. 
 44 
Table 15. Labyrinth weir models non-vented nappe flow regime HT/P ranges. 
  HR Non-Vented HT/P Range 
 
QR Non-Vented HT/P Range 
Lr Clinging Aerated 
Partially 
Aerated 




1 <0.04 0.04-0.21 0.21-0.35 -   <0.03 0.03-0.26 0.26-0.36 - 
2 <0.15 0.15-0.25 0.25-0.70 >0.70   - 0.02-0.24 0.24-0.60 >0.60 
3 <0.16 0.16-0.26 0.26-0.49 >0.49   <0.05 0.05-0.25 0.25-0.60 >0.60 
6 <0.21 - 0.21-0.54 >0.54   <0.09 0.09-0.25 0.25-0.60 >0.60 
12 <0.30 - 0.30-0.70 >0.70   <0.20 - 0.20-0.60 >0.60 
 
Table 16. Labyrinth weir models vented nappe HT/P point of aeration data. 
Lr 
HR Vented HT/P 
Point of Aeration 
QR Vented HT/P 
Point of Aeration 
1 0.04 0.03 
2 0.10 - 
3 0.06 0.05 
6 0.10 0.09 
12 0.20 0.14 
 
 
Figure 36. 8-ft non-continuous platform. 
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Comparison to Previous Studies 
Falvey’s (2002) limiting weir height of 100 mm was met for all Lr’s expect Lr = 
12 which had a weir height of 76 mm. Additionally, Falvey’s statement that significant 
errors may occur for H/P < 0.30 was validated for HR crest shapes but was too low for 
QR crest shapes. Lastly, Falvey’s recommendation to use a minimum weir height of 200 
mm only applied to Lr = 1, 2, and 3 for this study. As stated previously, differences in Cd 
between Lr = 1 and Lr = 2 influenced by size-scale effects were negligible. However, for 
the Lr = 3 labyrinth weir model which had a weir height greater than 200 mm, size-scale 
effects influenced differences in Cd for HT/P < 0.08 for HR crest shapes and HT/P < 0.03 
for QR crest shapes. 
Dimensionless head-discharge of this study were plotted against Crookston’s 
(2010) curve fits for labyrinth weir models. Figures 37 and 38 present these plots for HR 
and QR labyrinth weir models, respectively. For HR crest shapes, Crookston’s curve fit 
produced greater Cd values compared to all Lr’s up to HT/P = ~0.60. Past this HT/P value 
the HR Cd data essentially matched Crookston’s curve fit. For QR crest shapes, 
Crookston’s curve fit produced Cd values that essentially matched the Lr =1 tested HT/P 
range. For the other Lr’s the following matches of Cd data to Crookston’s curve fit with 
respect to HT/P were determined: for Lr = 2, HT/P < 0.60; for Lr = 3, 0.15 < HT/P < 0.40; 
for Lr = 6, 0.20 < HT/P < 0.60; and for Lr = 12, 0.40 < HT/P < 0.60. 
Differences in Cd values between those determined in this study and those 
calculated using Crookston’s (2010) curve fit were attributed to differences in weir 
geometry. Despite the shared sidewall angle of 15, other parameters were not 
geometrically similar. Figure 39 presents that the labyrinth weir model Crookston used to 
 46 
establish their curve fit had a smaller wall thickness, crest length, inside and outside apex 
width, and cycle width compared to the labyrinth weir model used in this research. It is 
important to note that the comparison of labyrinth weir models was accomplished by 
scaling Crookston’s P = 12 in labyrinth weir model to a weir height of 36 in as was used 
in this research. It is therefore likely that Cd is a function of more than just α 
Limiting heads for labyrinth weir models of this study were compared to those 
established by Curtis (2016). Although Curtis studied linear weirs, it was suspected that 
limiting head values would be similar for HR and QR crest shapes. Tables 17 and 18 
summarize the limiting head values of labyrinth weir models and Curtis’s limiting head 
values for HR and QR crest shapes, respectively. 
Referring to Table 17 for HR crest shapes, it appeared that there was some 
similarity in limiting HT/P values for the 12 in and 6 in weir models where differences 
were approximately HT/P = 0.03. The 6 in models did not share this similarity and had 
large differences in limiting HT/P values. Furthermore, there did not appear to be a 
relationship between Curtis’s HR limiting model heads and those of this study. 
Referring to Table 18 for QR crest shapes, the only labyrinth weir model height 
that had similarities to Curtis’s linear weir models was for a weir height of 6 in. Both the 
limiting HT/P value and model head were very close to one another. The 12 in models 
had similar limiting HT/P values with a difference of approximately 0.03. However, the 
12 in models did not have similar model heads. Lastly, the 3 in models did not appear to 
have much in common with respect to limiting heads. 
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Figure 37. Comparison to Crookston (2010) HR curve fit. 
 
Figure 38. Comparison to Crookston (2010) QR curve fit. 
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Figure 39. Comparison to Crookston (2010) labyrinth weir model geometry. 
Table 17. HR weir models limiting head comparison. 
HR Weir Height 
Curtis (2016) 
Limiting HT/P 




HR Labyrinth Weir 
Model Head 
(in) () () (mm) (mm) 
12 0.05 0.08 15.5 24 
6 0.07 0.22 11.3 34 
3 0.25 0.28 18.75 21 
 
Table 18. QR weir models limiting head comparison. 
QR Weir Height 
Curtis (2016) 
Limiting HT/P 




QR Labyrinth Weir 
Model Head 
(in) () () (mm) (mm) 
12 0.06 0.03 17 8 
6 0.06 0.06 9.5 9 
3 0.16 0.11 11.9 8 
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HR labyrinth weir data was also compared to the curve fit presented by Castro-
Orgaz and Hager (2014) (Equation 6). Figure 40 presents this curve fit for labyrinth weir 
models with a crest radius greater than 0.01 m (0.033 ft) compared to collected data of 
this study. The curve fit approximated the experimental data very well for HT/P < ~0.08. 
However, past this HT/P value the curve fit did not match the HR labyrinth weir model Cd 
data and even predicted negative Cd values for HT/P > 0.46. 
 
Figure 40. Comparison to Castro-Orgaz and Hager (2014) HR curve fit. 
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Piano Key Weirs 
An average of 38 head-discharge data points were taken for each PK weir model 
with the majority taken for the low-head range. The difference between the greater 
average number of data points taken for labyrinth weir models compared to the lesser 
average number of data points taken for PK weir models was due to better data collection 
strategies learned as research progressed. Similar to the largest labyrinth weir models 
tested, data for the largest PK weir model, Lr = 1, was collected up to HT/P = ~0.50 
because of measurement limitations. 
Uncertainty 
 Uncertainty for PK weir models was calculated using the method presented in the 
Labyrinth Weirs: Uncertainty section along with the random and systematic standard 
uncertainties presented in Table 9. The expanded uncertainty for each PK weir model 
length ratio was averaged for HT/P intervals of 0.05 and plotted against the corresponding 
dimensionless head-discharge curve. Figures 41, 42, 43, 44, and 45 present the average 
expanded uncertainty for PK weir models for Lr = 1, 2, 3, 6, and 12, respectively. 
Similar to the labyrinth weir models, PK weir models had the greatest expanded 
uncertainty for HT/P < 0.05 and it was expected that the expanded uncertainty would 
converge to a unique value for HT/P > 1.00 for each Lr. Also, the average expanded 





Figure 41. Lr = 1 PK weir model uncertainty. 
 
Figure 42. Lr = 2 PK weir model uncertainty. 
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Figure 43. Lr = 3 PK weir model uncertainty. 
 
Figure 44. Lr = 6 PK weir model uncertainty. 
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Figure 45. Lr = 12 PK weir model uncertainty. 
Table 19. PK weir models average expanded uncertainties. 
 
Average Expanded Uncertainty 
HT/P Interval Lr = 1 Lr = 2 Lr = 3 Lr = 6 Lr = 12 
0.00-0.05 2.71% 4.05% 5.95% 8.05% - 
0.05-0.10 0.97% 1.78% 2.69% 4.18% 8.84% 
0.10-0.15 0.64% 1.06% 1.50% 2.86% 5.39% 
0.15-0.20 0.54% 0.80% 1.14% 2.09% 4.20% 
0.20-0.25 0.47% 0.69% 0.87% 1.60% 3.14% 
0.25-0.30 0.44% 0.58% 0.73% 1.27% 2.47% 
0.30-0.35 0.42% 0.54% 0.62% 1.12% 2.06% 
0.35-0.40 0.40% 0.47% - 0.97% 1.79% 
0.40-0.45 0.38% 0.47% 0.52% 0.86% 1.57% 
0.45-0.50 0.37% - 0.48% 0.74% - 




Head-discharge relationships of PK weir models were compared using Cd data 
and Froude scaling. Like comparisons made for labyrinth weir models, comparisons of 
head-discharge relationships for PK weir models were limited to those of non-vented data 
since there were more non-vented data points than vented data points for each PK weir 
model and percent differences between non-vented and vented Cd data for the same PK 
weir model were small (< 3.0%). Percent differences were calculated using Equation 11 
and plotted against HT/P as presented in Figure 46. 
Figure 47 presents the dimensionless head-discharge curve for PK weir models 
where differences among the Lr = 1 Cd data and other PK weir model Cd data occurred 
for HT/P < ~0.30. Beyond this range, the dimensionless head-discharge curves for all PK 
weir models essentially converged. Figure 48 presents the dimensionless head-discharge 
curve where differences among Cd data occurred. 
 
Figure 46. PK weir models non-vented and vented Cd percent differences. 
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Figure 47. PK weir models dimensionless head-discharge curve. 
 
Figure 48. PK weir models limited dimensionless head-discharge curve. 
Size-scale effects that influenced differences among the Lr = 1 Cd data and other 
PK weir model Cd data ceased at HT/P = 0.09 for Lr = 3, 6, and 12 while the Lr = 2 did 
not have a limiting HT/P value for the measured HT/P range. Table 20 summarizes the 
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limiting HT/P values along with the corresponding measured weir model head and 
equivalent prototype head for PK weir models. These HT/P values were determined for Lr 
= 2, 3, 6, and 12 as when the uncertainty bounds of their respective Cd data consistently 
intersected the uncertainty bounds of the Lr = 1 Cd data. 
As seen in Table 20, the limiting HT/P value and equivalent prototype head 
remained constant for Lr = 3, 6, and 12 whereas the limiting measured model head 
decreased as Lr increased. Firstly, the relationship of the constant limiting HT/P value and 
equivalent prototype head with respect to Lr for PK weir models did not correspond to 
that of the labyrinth weir models where the limiting HT/P value and equivalent prototype 
head increased as Lr increased. Secondly, the relationship of decreasing measured model 
head with respect to Lr for PK weir models did not correspond to that of the labyrinth 
weir models. In fact, for each weir type (i.e., HR labyrinth, QR labyrinth, and PK) there 
appeared to be a unique relationship of limiting measured model head with respect to Lr. 
Percent differences of PK weir model Cd data that were attributed to size-scale 
effects were plotted against HT/P as presented in Figure 49. Cd data for the Lr = 1 PK weir 
model was not over predicted by any of the other Lr’s. All under prediction of the Lr = 1 
Cd data occurred up to HT/P = 0.09 for Lr = 3, 6, and 12 and was as follows: up to 15% 
Table 20. PK weir models limiting heads. 
Lr Limiting HT/P Measured Model Head Equivalent Prototype Head 
() () (mm) (mm) 
2 None - - 
3 0.09 25 75 
6 0.09 13 75 




Figure 49. PK weir models Cd percent differences. 
for Lr = 3, up to 65% for Lr = 6, and up to 87% for Lr = 12. 
Referring to Figure 48, it appeared that some Lr = 2, 3, 6, or 12 PK weir model Cd 
data beyond HT/P = 0.09 differed significantly from the Lr = 1 Cd data. For these 
instances, it could not be confidently stated that such differences in Cd data were caused 
by size-scale effects since the respective uncertainty bounds consistently intersected those 
of the Lr = 1 uncertainty bounds. Therefore, the true Cd value may have been shared 
between the Lr = 1 PK weir model and Lr = 2, 3, 6, or 12 PK weir model. 
As presented in the Labyrinth Weirs section, a hydraulic modeler can simplify the 
evaluation of limiting heads using an allowable error of the Lr = 1 Cd data. This process 
was completed for 2%, 5%, and 10% allowable errors with the limiting heads 
summarized in Table 21 for PK weir models. No limiting heads occurred for Lr = 2. 
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Head-discharge curves in terms of total head (HT) and flow rate (Q) were 
established using the dimensionless data (i.e., HT/P and Cd) presented with all curves 
scaled to the prototype scale. The head-discharge curves for PK weir models are 
presented in Figure 50. Like the labyrinth weir models, the greatest error in predicting the 
prototype head-discharge relationship occurred for Lr = 12 at total heads less than ~0.25-
ft. 
Head-discharge relationships were also scaled to correspond with the Lr = 1 data 
using the Froude relationships defined in Equations 13 and 14 for head and flow, 
respectively. Figure 51 presents the dimensional head-discharge curves established using 
Froude scaling for PK weir models. 
Differences between the results of Froude scaling and the results of using HT/P 
and Cd data to scale to the Lr = 1 PK weir model were negligible. Therefore, either 
method of scaling a head-discharge relationship, dimensional or dimensionless, were 
appropriate and are included for comparison purposes. 
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Figure 50. PK weir models head-discharge curve. 
 
Figure 51. PK weir models head-discharge curve (Froude scaling). 
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Nappe Behavior 
Nappe regime HT/P ranges of PK weir models for non-vented conditions are 
summarized in Table 22 and the HT/P value at which the nappe detached from the weir 
crest and began aerating for each Lr are presented in Table 23. Nappe behavior for PK 
weir models is presented in Figure 52 where for a similar HT/P value the nappe behavior 
was dependent on Lr. Referring to Table 22, the Lr = 1 and 2 PK weir models did not 
have observed clinging nappes. Partially clinging nappe behavior appeared to end at 
increasing HT/P values as Lr increased. Interestingly, all PK weir models began partially 
aerated nappe behavior near HT/P = 0.25 and end near HT/P = 0.80 except for Lr = 12. 
Similar to non-vented conditions for PK weir models, the HT/P value at which the nappe 
detached from the weir crest for vented conditions also increased as Lr increased as 
summarized in Table 23. 
PK weir models were found to have much smaller HT/P values for aeration to 
begin compared to labyrinth weir models of either tested crest shape. This was attributed 
to the continuous flow separation point of the PK weir crest. Like the labyrinth weir 
models, as Lr increased greater HT/P values were required to onset nappe aeration 
because of a more dominant role of surface tension for smaller weir heights. 
Table 22. PK weir models non-vented nappe regime HT/P ranges 
  PK Non-Vented HT/P Range 
Lr Clinging Partially Clinging Aerated Partially Aerated Drowned 
1 - <0.02 0.02-0.23 0.23-0.50 - 
2 - <0.05 0.05-0.25 0.25-0.80 >0.80 
3 <0.03 0.03-0.06 0.06-0.26 0.26-0.81 >0.81 
6 <0.04 0.04-0.08 0.08-0.25 0.25-0.80 >0.80 
12 <0.08 0.08-0.13 0.13-0.25 0.25-0.70 >0.70 
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Table 23. PK weir models vented nappe HT/P point of aeration. 








Figure 52. PK weir models nappe comparison. 
Comparison to Previous Studies 
Despite the difference of PK weir type used by Cicero et al. (2011) and those of 
this study, the high uncertainties of discharge coefficients for very low heads (HT/P < 0.1) 
that were attributed to size-scale effects reported by Cicero et al. were found to be similar 
for this study. Additionally, Cicero et al.’s finding that a minimum Weber number of 30 
would produce similar results between their models appeared to be unique for their study 
as compared to the PK weir models used in this study. Figure 53 presents the Weber  
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Figure 53. PK weir models dimensionless head versus Weber number. 
number as a function of HT/P for PK weir models of this study. For the limiting HT/P = 
0.09 the Weber number was dependent on Lr and was less than 30 for each Lr. 
It should be noted that when calculating the Weber number, the characteristic 
length and velocity are chosen at the discretion of the researcher. For this study, the 
Weber number was calculated using the critical depth, ℎ𝑐 = 2𝐻𝑇 3⁄ , as the characteristic 
length and the critical velocity, 𝑉𝑐 = √2𝑔𝐻𝑇 3⁄ , as the characteristic velocity. 









Lastly, the statement by Cicero et al. that a head greater than 1.5 cm would 
produce similar results between their PK weir models appeared to be unique to their 
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study. For this study it was determined that a model head value of 2.5 cm was required to 
produce similar results among PK weir models (Table 20). 
Machiels (2012) description of nappe behavior was compared to that of the PK 
weir models in this study. Machiels reported that for H/P = 0.05 the nappe remained 
clinging on the lateral crests which was found true for all Lr’s. However, Machiels’s 
statement that the nappe transitioned from clinging to a free nappe for the most 
downstream 3/4 of the crest length for H/P between 0.09 and 0.10 was not true for PK 
weir models of this study. Instead, the following HT/P values were determined: HT/P = 
0.13 for Lr = 1, HT/P = 0.20 for Lr = 2, and HT/P = 0.30 for Lr = 6. For Lr = 3 not enough 
photographic evidence was recorded to make an accurate statement when the nappe 
transitioned from clinging to a free nappe for the most downstream 3/4 of the crest 
length. For Lr = 12 this transition was not observed. 
Head-discharge data was compared to Anderson (2011) since the PK weir model 
geometries of this research were based on their design. It should be noted that Anderson’s 
PK weir model featured P = ~7.76 in. Figure 54 presents the dimensionless head-
discharge curve of Anderson along with the curves established in this study. For all Lr’s 
the Cd data was lower than the curve established by Anderson. Possible explanations of 
this result may be differences in wall thickness, number of cycles, and flow measurement. 
The wall thickness of PK weir models used in this study were scaled using the CAD files 
of Anderson. However, this did not to represent the actual wall thickness of Anderson’s 
fabricated PK weir model. Also, Anderson’s PK weir model featured four cycles whereas 
the PK weir models of this study only featured two cycles. Therefore, it may be possible 
that Cd is a function of N. Lastly, Anderson used orifice plates when measuring flow rates 
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while a combination of orifice plates and magnetic flowmeters were used in this research 
with most low flow rates measured with magnetic flowmeters. 
 
Figure 54. Comparison to Anderson (2011).  
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CONCLUSIONS 
The purpose of this study was to extend the existing research of size-scale effects 
on nonlinear weirs. Three weir types, namely half- and quarter-round trapezoidal 
labyrinth weirs and piano key weirs, were fabricated at five different length ratios and 
hydraulically tested to assess differences among head-discharge relationships and flow 
behavior. The largest model for each weir type served as the corresponding prototype 
while the smaller scale models featured Lr = 2, 3, 6, and 12.  
Head-discharge data for dimensionless total head ratios ranging 0.01 to 1.00, 
where possible, were collected for each weir model. Nappe behavior was also 
documented such that qualitative differences in flow behavior among model sizes could 
be made. Comparisons were also made to previous research with attention to limiting 
criteria to avoid or limit size-scale effects. Based on the results of this study the following 
conclusions were made: 
 Expanded uncertainties were the greatest for HT/P < 0.05. It was expected 
that the expanded uncertainty would converge to a unique value for HT/P 
> 1.00 for each Lr and weir type. Also, the average expanded uncertainty 
for the same weir type at a common HT/P interval increased as Lr 
increased. 
 Size-scale effects that influenced differences between prototype and model 
Cd data were the greatest for low HT/P values. As HT/P increased, the 
influence of size-scale effects decreased until prototype and model Cd data 
converged. 
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 Limiting HT/P and model head values to avoid size-scale effects were 
established based on Lr and the weir type. For Lr = 2 of all weir types 
tested, size-scale effects did not influence differences between prototype 
and model Cd data. Table 24 presents a summary of limiting HT/P and 
model head values established in this research. Furthermore, Table 25 
presents a comparison of these limits to those established in previous 
studies. 
 Percent differences between prototype and model Cd data were dependent 
on weir type, Lr, and HT/P. The greatest percent difference of Cd data 
occurred for Lr = 12 for each weir type. 
 Table 26 presents a summary of the maximum percent differences. 
 It appeared that some model Cd beyond its limiting HT/P value differed 
significantly from the corresponding weir type prototype Cd data. For 
these instances, it could not be confidently stated that such differences in 
Cd data were caused by size-scale effects since the respective uncertainty 
bounds consistently intersected those of the corresponding weir type Lr = 
1 uncertainty bounds. Therefore, the true Cd value may have been shared 
between the prototype and model. 
 Dimensional head-discharge curves (i.e., HT vs Q) were scaled to the 
prototype scale using dimensionless model data (i.e., HT/P and Cd) with 
prototype parameters (i.e., Lc and P). These curves were compared to 
similar head-discharge curves established using Froude relationships. Both 
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methods of scaling model data to the prototype scale proved to yield 
similar results. 









































Table 25. Limiting heads for weir types related to presented research. 
Reference Minimum head (m) Shape Crest radius, R (m) 
Presented Research 0.021-0.034 Half-round 0.005-0.019 
Presented Research 0.008-0.009 Quarter-round 0.005-0.019 
Presented Research 0.006-0.025 Piano key weir   
Bollrich and Aigner (2000) 0.04-0.06 Cylindrical weir   
Curtis (2016) 0.011-0.019 Half-round 0.005-0.038 
Curtis (2016) 0.012-0.017 Quarter-round 0.005-0.038 
Erpicum et al. (2016) 0.03 
Piano key weir 
(head-discharge)   
Erpicum et al. (2016) 0.06 
Piano key weir 
(nappe behavior)   
Krischmer (1928) 0.07 Cylindrical weir 0.046 
Leite Ribeiro et al. (2012) 0.05 Piano key weir 
(nappe trajectory   
Pfister et al. (2012) 0.03 Piano key weir 
(head-discharge)   
Pfister et al. (2013) 0.03 Half-cylindrical 0.005-0.3 
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 Nappe behavior was a function of the weir type and the HT/P value. The 
HT/P value at which the nappe detached from the weir crest increased as Lr 
increased for each weir type. This relationship was based on a more 
dominant role of surface tension for smaller weir heights. Therefore, a 
greater relative upstream energy and corresponding relative momentum 
were required to overcome surface tension forces and detach the nappe 
from the weir crest. 
 Comparison of labyrinth weir model data to Crookston (2010) implied that 
Cd is likely a function of more than just α. Also for labyrinth weir models, 
the comparison to Curtis (2016) implied that despite similar weir heights 
and crest shapes, limiting head values did not correspond between linear 
and labyrinth weir models. 
 Comparison of limiting Weber numbers and head values for PK weir 
models to Cicero et al. (2011) implied that recommending a limiting 
Weber number is dependent on the assignment of the characteristic length 
and characteristic velocity. Additionally, the limiting head of 1.5 cm made 
by Cicero et al. did not reflect the limiting head of 2.5 cm determined in 
this study. Also for PK weir models, the comparison of nappe behavior to 
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Machiels’s (2012) reported nappe behavior indicated little correlation and 
is likely scale and geometry dependent. 
Future work may include testing the largest weir models, Lr = 1, with higher flow 
rates such that the rating curve could be extended past the data presented in this research. 
This would assist with determining if the head-discharge relationships of the same weir 
type do converge at the specified dimensionless headwater-ratios. Other weir models 
used in this study may be retested in different flumes and potentially laboratories to 
ensure repeatability of data. Also, Anderson’s (2011) PK weir model may be retested to 
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Appendix B. VB CODE 
Option Explicit 
'For use with 3-ft rectangular flume in UWRL (9-15-2007) revised (11-28-2016) 
'Orifice plates use an iterative solution for Q, C, and Reynold's number 
Function flow3(size, dH, hz, KV) 
Dim beta, A, C As Double 
Dim Rey, ReyNew, Pi, g As Double 
Dim Dorifice, Dpipe As Double 
Pi = 3.14159265359 
g = 32.174 'Gravity 
Rey = 15000 'Initial guess for Reynold's number 
 
If (size = 2) Then 
    Do 
        ReyNew = Rey 
        'Curve fit for orifice coefficient 
        If (2997 <= Rey < 12278) Then 
            C = 0.761076 * Rey ^ (-0.019092) 
        ElseIf (Rey >= 12278) Then 
            C = -1.3228915434E-07 * Rey + 0.63776476378 
        End If 
        'C = 0.6345 
        Dorifice = 1.035 
        Dpipe = 2.042 
        A = Dorifice ^ 2 * Pi * 0.25 / 144 
        beta = Dorifice / Dpipe 
        flow3 = C * A * (2 * g * dH) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
        Rey = 4 * flow3 / (Pi * (Dpipe / 12) * KV) 
    Loop Until Abs(Rey - ReyNew) < 0.000001 
     
Else 
    If (size = 4) Then 
        Do 
            ReyNew = Rey 
            C = 0.6277 
            Dorifice = 3 
            Dpipe = 4.026 
            A = Dorifice ^ 2 * Pi * 0.25 / 144 
            beta = Dorifice / Dpipe 
            flow3 = C * A * (2 * g * dH) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
            Rey = 4 * flow3 / (Pi * (Dpipe / 12) * KV) 
        Loop Until Abs(Rey - ReyNew) < 0.000001 
         
    Else 
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        If (size = 12) Then 
            Do 
                ReyNew = Rey 
                If (55242 <= Rey < 241467) Then 
                    C = 0.678245 * Rey ^ (-0.00805) 
                ElseIf (Rey >= 241467) Then 
                    C = -3.815824E-19 * Rey ^ 3 + 4.982156E-13 * Rey ^ 2 - 0.0000002089167 
* Rey + 0.6411721 
                End If 
                Dorifice = 8.005 
                Dpipe = 12 
                A = Dorifice ^ 2 * Pi * 0.25 / 144 
                beta = Dorifice / Dpipe 
                flow3 = C * A * (2 * g * dH) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
                Rey = 4 * flow3 / (Pi * (Dpipe / 12) * KV) 
            Loop Until Abs(Rey - ReyNew) < 0.000001 
        Else 
            If (size = "1M") Then 
                flow3 = (0.0069 * hz - 0.023) / 448.831 
            Else 
                If (size = "6M") Then 
                    flow3 = (2500 / 10000 * hz) / 448.831 
                End If 
            End If 
        End If 





'For use with 4-ft rectangular flume in UWRL (9-15-2007) revised by Kedric Curtis 
(2015) 
'Iterative solution for Q, C, and Reynold's number 
Function flow4(size, dH, hz, KV) 
Dim beta, A, C As Double 
Dim Rey, ReyNew, Pi, g As Double 
Dim Dorifice, Dpipe As Double 
Pi = 3.14159265359 
g = 32.174 
Rey = 15000 'Initial guess for Reynold's number 
 
If (size = 8) Then 
    Do 
        ReyNew = Rey 
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        C = -2.1391538656E-24 * Rey ^ 4 + 2.871688075E-18 * Rey ^ 3 - 1.3639445467E-
12 * Rey ^ 2 + 2.7449102936E-07 * Rey + 0.58935546947 
        'C = 0.6053 
        Dorifice = 5.5839 '5.719 
        Dpipe = 7.932 '7.625 
        beta = Dorifice / Dpipe 
        A = Dorifice ^ 2 * Pi * 0.25 / 144 
        flow4 = C * A * (2 * g * dH) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
        Rey = 4 * flow4 / (Pi * (Dpipe / 12) * KV) 
    Loop Until Abs(Rey - ReyNew) < 0.000001 
Else 
    If (size = 20) Then 
        Do 
            ReyNew = Rey 
            C = 1.8827994264E-30 * Rey ^ 5 - 5.798831372E-24 * Rey ^ 4 + 
6.9456793108E-18 * Rey ^ 3 - 4.0351115506E-12 * Rey ^ 2 + 1.1322907408E-06 * Rey 
+ 0.50582518016 
            'C = 0.6282 
            Dorifice = 14.625 
            Dpipe = 19.5 
            beta = Dorifice / Dpipe 
            A = Dorifice ^ 2 * Pi * 0.25 / 144 
            flow4 = C * A * (2 * g * dH) ^ 0.5 / (1 - beta ^ 4) ^ 0.5 
            Rey = 4 * flow4 / (Pi * (Dpipe / 12) * KV) 
        Loop Until Abs(Rey - ReyNew) < 0.000001 
         
    Else 
        If (size = "1M") Then 
            flow4 = (0.0069 * hz - 0.023) / 448.831 
        Else 
            If (size = "6M") Then 
                flow4 = hz / 10000 * 2500 / 448.831 
            End If 
        End If 





'For use with 8-ft rectangular flume in UWRL 
'Iterative solution for Q, C, and Reynold's number 
Function flow8(size, dH, hz, KV) 
Dim beta, A, C, g As Double 
Dim Rey, ReyNew, Pi As Double 
Dim Dorifice, Dpipe As Double 
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Dim Hzin As Variant, Qout As Variant 
Hzin = Array(1.06, 1.58, 2.62, 3.04, 5.14, 7.58, 9.89, 10.3, 14.8, 20.08, 30.31, 40.92, 
50.55, 59.98, 600) 
Qout = Array(14.3, 18.96, 29.24, 33.27, 54.91, 78.76, 102.66, 106#, 151.59, 203.425, 
305.105, 411.83, 506.966, 599.8, 6000) 
Pi = 3.14159265359 
g = 32.174 
Rey = 15000 'Initial guess for Reynold's number 
 
If (size = "36M") Then '36 inch Siemens mag meter 
    flow8 = 130 / 10000 * hz 
Else 
    If (size = 12) Then 
        flow8 = LinInterp(hz, Hzin, Qout) / 448.831 
    Else 
        If (size = "12M") Then '12 inch Siemens mag meter 
            flow8 = 8000 / 10000 * hz / 448.831 
        End If 
    End If 
End If 
End Function 
Function LinInterp(X, InArray, OutArray) 
Dim Num As Integer, NumIn As Integer, i As Integer 
Dim ax As Double, bx As Double, by As Double 
 
    Num = Application.CountA(OutArray) - 1 
    NumIn = Application.CountA(InArray) - 1 
     
'Linearly Interpolate 
 
    For i = 0 To Num 
        If X <= InArray(i) Then 
            If i = 0 Then 
                LinInterp = OutArray(0) 
                Exit Function 
            End If 
            ax = InArray(i - 1) - X 
            bx = InArray(i - 1) - InArray(i) 
            by = OutArray(i - 1) - OutArray(i) 
            LinInterp = OutArray(i - 1) - (ax / bx) * by 
            Exit Function 
        End If 
    Next i 




    ax = InArray(Num) - X 
    bx = InArray(Num - 1) - InArray(Num) 
    by = OutArray(Num - 1) - OutArray(Num) 
    LinInterp = OutArray(Num) - (ax / bx) * by 
         
End Function 
 
'This macro calculates the uncertainty of a the discharge coefficient Cd result based on 
ASME PTC 19.1 
'Created March 2, 2017 by Nate Young (yng.nate@gmail.com) 
Function Uncertainty95(Q, Lc, h, W, P, platform) 
Dim g, sQ, sLc, sh, sW, sP, splatform, sCd, bQ, bLc, bh, bW, bP, bplatform, bCd, uCd 
As Double 
g = 32.174 'ft/s^2 
 
'Sensitivity coefficients 
'Flow rate sensitivity coefficient 
thetaQ = 3 / 4 * 2 ^ (1 / 2) / (Lc * g ^ (1 / 2) * (h + 1 / 2 * Q ^ 2 / (g * W ^ 2 * (h + P + 
platform) ^ 2)) ^ (3 / 2)) - 9 / 8 * Q ^ 2 * 2 ^ (1 / 2) / (Lc * g ^ (3 / 2) * (h + 1 / 2 * Q ^ 2 / 
(g * W ^ 2 * (h + P + platform) ^ 2)) ^ (5 / 2) * W ^ 2 * (h + P + platform) ^ 2) 
'Crest legnth sensitivity coefficient 
thetaLc = -3 / 4 * Q * 2 ^ (1 / 2) / (Lc ^ 2 * g ^ (1 / 2) * (h + 1 / 2 * Q ^ 2 / (g * W ^ 2 * 
(h + P + platform) ^ 2)) ^ (3 / 2)) 
'Piezometric head measurement sensitivity coefficient 
thetah = -9 / 8 * Q * 2 ^ (1 / 2) * (1 - Q ^ 2 / (g * W ^ 2 * (h + P + platform) ^ 3)) / (Lc * 
g ^ (1 / 2) * (h + 1 / 2 * Q ^ 2 / (g * W ^ 2 * (h + P + platform) ^ 2)) ^ (5 / 2)) 
'Weir width sensitivity coefficient 
thetaW = 9 / 8 * Q ^ 3 * 2 ^ (1 / 2) / (Lc * g ^ (3 / 2) * (h + 1 / 2 * Q ^ 2 / (g * W ^ 2 * (h 
+ P + platform) ^ 2)) ^ (5 / 2) * W ^ 3 * (h + P + platform) ^ 2) 
'Weir height sensitivity coefficient 
thetaP = 9 / 8 * Q ^ 3 * 2 ^ (1 / 2) / (Lc * g ^ (3 / 2) * (h + 1 / 2 * Q ^ 2 / (g * W ^ 2 * (h 
+ P + platform) ^ 2)) ^ (5 / 2) * W ^ 2 * (h + P + platform) ^ 3) 
'Weir platform sensitivity coefficient 
thetaplatform = 9 / 8 * Q ^ 3 * 2 ^ (1 / 2) / (Lc * g ^ (3 / 2) * (h + 1 / 2 * Q ^ 2 / (g * W ^ 
2 * (h + P + platform) ^ 2)) ^ (5 / 2) * W ^ 2 * (h + P + platform) ^ 3) 
 
'Standard random uncertainties 
'Flow rate standard random uncertainty 
sQ = 0.0025 * Q 
'Crest length standard random uncertainty 
sLc = 0 
'Piezometric head standard random uncertainty 
sh = 0.00008 
'Weir width standard random uncertainty 
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sW = 0 
'Weir height standard random uncertainty 
sP = 0 
'Weir platform standard random uncertainty 
splatform = 0 
 
'Standard systematic uncertainties 
'Flow rate standard systematic uncertainty 
bQ = 0 
'Crest length standard systematic uncertainty 
bLc = (1 / 64) / 12 
'Piezometric head standard systematic uncertainty 
bh = 0.0005 
'Weir width standard systematic uncertainty 
bW = 0.0005 
'Weir height standard systematic uncertainty 
bP = 0.0005 
'Weir platform standard systematic uncertainty 
bplatform = 0.0005 
 
'Absolute random standard uncertainty 
sCd = ((thetaQ * sQ) ^ 2 + (thetaLc * sLc) ^ 2 + (thetah * sh) ^ 2 + (thetaW * sW) ^ 2 + 
(thetaP * sP) ^ 2 + (thetaplatform * splatform) ^ 2) ^ (1 / 2) 
 
'Absolute systematic standard uncertainty 
bCd = ((thetaQ * bQ) ^ 2 + (thetaLc * bLc) ^ 2 + (thetah * bh) ^ 2 + (thetaW * bW) ^ 2 + 
(thetaP * bP) ^ 2 + (thetaplatform * bplatform) ^ 2) ^ (1 / 2) 
 
'Combined standard uncertainty 
uCd = (sCd ^ 2 + bCd ^ 2) ^ (1 / 2) 
 
'Expanded uncertainty 
Uncertainty95 = 2 * uCd 
 
End Function  
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